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Abstract

A 3D shape of an object is A-fold rotational-symmetric if the shape is invariant for 360/ degree
rotations about an axis. Human observers are sensitive to the 2D rotational-symmetry of a retinal
image, but they are less sensitive than they are to 2D mirror-symmetry, which involves invariance
to reflection across an axis. Note that perception of the mirror-symmetry of a 2D image and a 3D
shape has been well studied, where it has been shown that observers are sensitive to the mirror-
symmetry of a 3D shape, and that 3D mirror-symmetry plays a critical role in the veridical
perception of a 3D shape from its 2D image. On the other hand, the perception of rotational-
symmetry, especially 3D rotational-symmetry, has received very little study. In this paper, we
derive the geometrical properties of 2D and 3D rotational-symmetry and compare them to the
geometrical properties of mirror-symmetry. Then, we discuss perceptual differences between
mirror- and rotational symmetry based on this comparison. We found that rotational-symmetry has
many geometrical properties that are similar to the geometrical properties of mirror-symmetry, but
note that the 2D projection of a 3D rotational-symmetrical shape is more complex computationally
than the 2D projection of a 3D mirror-symmetrical shape. This computational difficulty could
make the human visual system less sensitive to the rotational-symmetry of a 3D shape than its
mirror-symmetry.

1. Introduction

The human visual system is sensitive to the following three types of symmetry (Mach,
1906/1959): mirror (or bilateral or reflectional), rotational (or cyclic or radial)l, and
translational (or repetition). Each type of symmetry is formally defined as an invariant
against a particular transformation (Liu, Hel-Or, Kaplan, Van Gool, 2009; Weyl, 1952;
Stewart & Golubitsky, 1992). For example, consider objects with rotational-symmetry. A 3D
shape of a rotational-symmetrical object coincides with itself after rotating the object about
its axis of symmetry for a particular angle (see Figure 1 for examples). Rotational-symmetry
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Bitis possible to assert that this camera rotation transforms the vanishing point vx;sof the symmetry axis to the principal point so that
the symmetry axis becomes normal to the image plane 77y after the camera rotation.

Litis possible to assert that rotational-symmetry in Cartesian-coordinates is translational-symmetry in polar-coordinates (van der Helm
& Leeuwenberg, 1996).
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appears in many man-made objects, many flowers (Neal, Dafni, & Giurfa, 1998; Culbert &
Forrest, 2016), some animal species (e.g. echinoderm and cnidarian), and local parts of
plants and animals (Savriama & Klingenberg, 2011). It is also common in 2D image
designs: e.g. texture patterns (Liu, Collins, Tsin, 2004; Clarke, Green, Halley, & Chantler,
2011; Westphal & Fitch, 2012) and logos (Hargittal & Hargittal, 1997).

Rotational-symmetry of a 2D image plays a role in visual perception and cognition, but its
effects tend to be weaker than the effects of mirror-symmetry (see van der Helm &
Leeuwenberg, 1996; Wagemans, 1995; Swaddle, 1999 for reviews). Rotational-symmetry
can be reliably detected (d’ > 1) in a low-density random-dot pattern even with a brief
viewing duration (100 ms) but it is not as easy to detect as mirror-symmetry (Figure 2a, b,
Kahn & Foster, 1986; Wagemans, Van Gool, Swinnen, & Van Horebeek, 1993; see also
Szlyk, Seiple, & Xie, 1995 for a relevant study). The detection of rotational-symmetry takes
longer than the detection of mirror-symmetry (Royer, 1981; Palmer & Hemenway, 1978).
Julesz (1971) showed that rotational-symmetry is hard to detect in a high-density random-
dot pattern while mirror-symmetry is easily detected (Figure 2c, d). Past studies have shown
that figures with rotational-symmetry are rated as “good” (Palmer, 1991; Garner & Clement,
1963), rated as “organized” (Hershenson & Ryder, 1982, see also Wagemans, 1997), and
associated with positive words (Makin, Pecchinenda, & Bertamini, 2012) more often than
asymmetrical figures are, but less often than mirror-symmetrical figures are (see also
Hamada & Ishihara, 1988; Hamada et al., 2016 for inconsistent results).

Results of brain imaging studies suggest that the ventral stream in the visual system is
involved in processing 2D rotational-symmetry. Both rotational- and mirror-symmetry
induce sustained posterior negativity of the ERP signal measured from two occipital
electrodes (PO7 and PO8 according to the international 10-20 system) 300ms after the onset
of the stimuli (Makin, Wilton, Pecchinenda, & Bertamini, 2012; Makin, Rampone,
Pecchinenda, & Bertamini, 2013). This induced effect is stronger for mirror-symmetry than
for rotational-symmetry. Based on a source localization analysis of the ERP signal, the effect
is caused primarily by activity in the lateralized extrastriate visual cortex (Makin, Wilton et
al., 2012). Kohler, Clarke, Yakovleva, Liu, and Norcia (2016) showed that rotational-
symmetry in a texture pattern is parametrically represented in V3 and in later visual areas in
the ventral stream (V4, VOL1, and LOC) using fMRI and EEG.

The 3D rotational-symmetry of an object can play some role in the perception of the object’s
3D shape. The perception of the center-of-gravity of an object becomes more accurate if the
object is rotational-symmetrical (Bingham & Muchisky, 1993a, b). According to
Biederman’s Recognition-by-components theory, a complex 3D shape of an object can be
decomposed into simpler parts called “geons” (Biederman, 1987; see also Pentland, 1986;
Binford, 1971 for analogous ideas). Some of the geons used in past studies (Biederman &
Gerhardstein, 1993) were 3D rotational-symmetrical. Note that the perception of 3D
rotational-symmetry has been studied much less often than 3D mirror-symmetry.

Now, consider human’s visual perception of mirror-symmetry. Humans can detect the
mirror-symmetry of a retinal image efficiently (e.g. Barlow & Reeves, 1979; Jenkins, 1983;
Cohen & Zaidi, 2013), of a non-frontoparallel planar figure (Sawada & Pizlo, 2008;
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Wagemans, 1992, 1993; van der Vloed, Csatho, & van der Helm, 2005; Szlyk, Rock, &
Fisher, 1995), and of a volumetric object (Sawada, 2010). Moreover, mirror-symmetry also
plays a critical role in the perception of the shapes of planar figures (Sawada, 2008;
Saunders & Knill, 2001) and of volumetric objects (Pizlo, 2008; Li, Pizlo, & Steinman,
2009; Li, Sawada, Shi, Kwon, & Pizlo, 2011; Pizlo, Sawada, Li, Kropatsch, & Steinman,
2010; Pizlo, Li, Sawada, & Steinman, 2014). Mirror-symmetry of the volumetric object
allows us to recover a complete 3D shape of the object including its invisible back part from
a single 2D image of the object (Mitsumoto, Tamura, Okazaki, Kajimi, & Fukui, 1992; Pizlo
et al., 2010, 2014; Michaux, Kumar, Jayadevan, Delp, & Pizlo, 2017). It is important to
recover the complete 3D shape of the object for interacting with the object (Varley, DeChant,
Richardson, Ruales, & Allen, 2017).

The high sensitivity of human’s to mirror-symmetry is often explained teleologically. For
example, many objects around us are mirror-symmetrical and mirror-symmetry serves as an
important factor for sexual selection of many animals (Mgller & Thornhill 1998; Mgller,
Thornhill, & Gangestad, 2005). Furthermore, the mirror-symmetry of an object introduces
unique geometrical properties into its 3D shape and into its 2D retinal image (e.g. Vetter &
Poggio, 1994; Sawada, 2010; Sawada, Li, & Pizlo, 2014). These geometrical properties can
play an important role in the perception of mirror-symmetry (Sawada, Li, & Pizlo, 2015;
Pizlo et al., 2014).

In this study, we derive the geometrical properties of 2D and 3D rotational-symmetry that
correspond to geometrical properties of mirror-symmetry and then compare these properties
between the two types of symmetry. This comparison allows us to analytically discuss
human perception and cognition of rotational- and mirror-symmetry.

2. Definition

In this study;, it is assumed that all 2D and 3D curves are “tame”: (i) they are finitely long
and are decomposed into a finite number of segments that are also finitely long, (ii) are
continuously twice differentiable, (iii) each segment of the 2D curve does not have any
intersection with a tangent line at every non-endpoint of the segment (see Latecki &
Rosenfeld, 1998 for a further discussion), (iv) each segment of the 3D curve does not
intersect with a rectifying plane at every non-endpoint of the segment (A. Michaux, personal
communication, May 8, 2013). The rectifying plane is tangent to the segment and is
perpendicular to a plane of curvature at the point (Hilbert & Cohn-Vossen, 1952). The XY.Z
Cartesian coordinate system of a 3D scene and the xy Cartesian coordinate system of a 2D
image in the scene are set as follows: (i) the Z-axis of the 3D coordinate system is
perpendicular to the image plane /7,and /7;is Z= fwhere fis a constant, (ii) the Z-axis
passes through the origin of the 2D coordinate system, and (iii) the X- and Y-axes of the 3D
coordinate system are parallel to the x- and y~axes of the 2D coordinate system, respectively.

Under an orthographic projection, a 2D orthographic projection [XOZD onD]T of a point

T: ‘.
[X3D Yip Z3D] in a 3D scene is:
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Under a perspective projection, the origin of the 3D coordinate system is at a “center of
projection” £. Note that the Z-axis passes £, intersects with the image plane /7, at the origin
of the 2D coordinate system on /7, and is normal to 77, Then, the Z-axis is referred as the
principal axis and the intersection is referred as the principal point of the perspective
projection. If fis the focal distance of the camera, a 2D perspective projection of

T T T . . . .
[X3p YapZsp| i [xp2D ypZD] =|fX3p/Z5p fY3p/Z5p|" and this relation can be written as:

X3

.)C*

p2D|  (f 0 0\ 3D

Ypap|=10 £ 0| ¥3p
001

WD Z3p

T. . T
where [x;*;w y;‘;w W;ZD] is called the homogeneous coordinates of [x DY pZD] and
T T
[poD ypZD] = [X;ZD/ Wi Vpop! W;w] :
A 2D rotation can be written as:

COSO'ZD —Sll’lo‘2D

Ryp(oyp) =

sm<72D COSO'ZD

where opis an angle of the rotations. Note that the 3D X'Y.Z Cartesian coordinate system
used in this study is right-handed. Hence, rotations Ry, Ry, and R~around the X-, Y- and
Z-axes can be represented by the following rotation matrices:

1 0 0
RX(GX) — 0 cosoy, —sinoy|
0 sinaX cosoy
cosoy, 0 sinaY
Ry(oy)=| 0 1 0 |

coso, —sing, 0
Rz(gz)z sin,  coso, 0

0 0 1

where o, oy, and ozare angles of the rotations.
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Rotational-symmetry can be characterized by its degree of “fold”2. Consider a 2D r+fold
symmetrical shape where n= 2 (Figure 3). This shape is invariant against its rotation around
its symmetry point for 36041 degree where 7is an integer. The symmetry point is at the
center of gravity (CoG) of the shape. A set of /7 points of the shape are symmetrically
corresponded if a position of their /th point after a rotation for 36041 degree coincide with a
position of their ((f + /) % n)-th point before the rotation where /is an integer and %
represents the modulo operation. For a planar symmetrical figure in a 3D scene, its
symmetry axis is defined as a line that is normal to the plane of the figure and that passes the
symmetry point. If 7= 2, the rotation angle of symmetry is 180 degrees and each pair of
points symmetrically corresponded in the shape can be connected by a line-segment whose
midpoint is at the symmetry point. If 7> 2, ncorresponding points form a regular 7-sided
polygon whose CoG appears at the symmetry point. Now let us call these “regular
polygons” and the line-segments connecting the corresponding points “symmetry polygons”.
If n=2, the symmetry polygon is a line-segment that is an “open polygon.” The symmetry
polygons of 2-fold symmetry are also called symmetry line-segments in this study. When n
— 00, the symmetry polygon becomes a circle, which is the most regular shape (Pizlo,
2008, see also Metzger, 1936/2009).

3.1.1. Skewed rotational-symmetry—Consider a planar 7+fold symmetrical figure
slanted relative to the observer. The image produced by slanting a planar figure is called
skewed symmetry (Kanade, 1981; Kanade & Kender, 1983). Some properties of the
symmetry of the figure are preserved in skewed symmetry under both orthographic and
perspective projections as model-based invariants (Sawada, Li, & Pizlo, 2015; Rothwell,
1995). The human visual system detects mirror-symmetry of a planar figure and of a
volumetric object based on an invariant of mirror-symmetry under an orthographic
projection (Sawada & Pizlo, 2008; Sawada, 2010; Wagemans, 1995). It is possible that some
invariant of rotational-symmetry could be also important for the visual system to detect
rotational-symmetry rotational-symmetry could be also important for the visual system to
detect rotational-symmetry We discuss model-based invariants of rotational-symmetry under
the projections.

Now, consider an orthographic projection of a planar symmetrical figure to a 2D image
plane. The orthographic projection is a 2D compression along the orientation of a slant og/,¢
of the planar figure by a factor of cos(og4,). The 3D orientation of the figure can be
computed from the compression of the projection of the symmetry polygon if the number of
the symmetry folds of the figure is more than 2. A symmetry point of the figure is projected
to the CoG of the image of the figure. Note that if the number of the symmetry folds of the
figure is even, the orthographic projection is also 2-fold symmetrical (see images of 2- and
4-fold symmetrical figures in Figure 4).

2From here on, we will use “symmetry” to mean “rotational-symmetry” unless something else is specified.
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Under a perspective projection, the 3D orientation of the figure can be computed from its
single symmetry polygon if the number of folds 7 of the figure is more than 3 (see also Van
Gool, Moons, & Proesmans, 1996). The symmetry polygon is an s+sided regular polygon
and mirror symmetrical with 7symmetry axes. This mirror-symmetry of the symmetry
polygon can be used to compute the 3D orientation of the polygon (Hong, Yang, Huang, &
Ma, 2004; Yang, Huang, Rao, Hong, & Ma, 2005). Note that the symmetry point is not
projected to the CoG of the image of the figure under the perspective projection. The
projection of the symmetry point coincides with a projection of the CoG of a symmetry
polygon of the figure. A projection of the CoG can be derived from the fact that every
symmetry polygon is a regular polygon. Now consider the following four cases for finding a
projection of the CoG of a symmetry polygon that depend on the number of folds 17 of the
figure, namely, i) 7> 3 and nis even, ii) n> 3 and nis odd, iii) n= 3, and iv) n= 2. First,
consider the case in which 7> 3 and nis even. Each symmetry polygon of the figure is a
regular n-sided polygon. The CoG of the symmetry polygon can be determined by drawing
auxiliary line-segments each of which connects the pair of a vertex of the symmetry polygon
with the next vertex but (7 — 2)/2 (see Figure 5A for n= 4). Specifically, the ~th vertex of a
n-fold symmetry polygon is connected with (7 + (17— 2)/2)-th vertex. These line-segments
intersect with one another at the CoG of the symmetry polygon. A projection of the
intersection of the line-segments is an intersection of the line-segments that are projections
of these line-segments. It follows that the projection of the CoG can be derived by finding an
intersection of the line-segments that connect the vertices of the projection of the symmetry
polygon (Figure 5C).

If n> 3 and nis odd, the CoG of the symmetry polygon and its projection can be determined
in an analogous way. The CoG of the symmetry polygon is an intersection of line-segments,
each of which connects a vertex of the symmetry polygon with a midpoint of an edge
between the next vertices of the symmetry polygon but (7-1)/2 and (/7~3)/2. Note that the
midpoint of the edge, however, is not projected to a midpoint of a projection of the edge
under a perspective projection. On the other hand, an intersection of two lines is projected to
an intersection of projections of the lines under both the perspective and orthographic
projections. Here, instead of using the midpoints, the line-segments that pass the CoG of the
symmetry polygon can be drawn by drawing additional auxiliary line-segments and using
their intersections (see a case 7= 5 in Figure 5A). Each of these additional auxiliary line-
segments connects a vertex of the symmetry polygon with the vertex after the next vertex.
Namely, the /th vertex of a 7-fold symmetry polygon is connected with the (A42)-th vertex.
With this in place, an 7-pointed star appears within the symmetry polygon. Note that the
symmetry polygon is a regular 7-sided polygon and is 2D mirror-symmetrical with 7-
symmetry axes. The star is also 2D mirror-symmetrical about the symmetry axes of the
symmetry polygon because the auxiliary line-segments connects vertices of the symmetry
polygon in a symmetrical manner (the /~th vertex of the symmetry polygon is connected with
the (A2)-th vertex). Each symmetry axis connects the ~th vertex of the star with the (/+n)-th
vertex of the star. The symmetry axes intersect at the CoG of the star, which is at the CoG of
the symmetry polygon. It is because a symmetry axis of any 2D mirror-symmetrical polygon
passes the CoG of this polygon. Recall that an intersection of two lines is projected to an
intersection of projections of the lines under both the perspective and orthographic

J Math Psychol. Author manuscript; available in PMC 2019 December 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Sawada and Zaidi

Page 7

projections. The projection of the CoG can be derived by drawing auxiliary line-segments in
the same way in the projection of the symmetry polygon (see cases 7= 5 in Figure 5B and
C). These methods using the auxiliary line-segments for finding the image of the center of
gravity for 7> 3 can also be applied to an orthographic projection.

If n= 3, the projection of the CoG of the individual symmetry polygon cannot be determined
uniquely. Now, assume that the center of the perspective projection from the symmetrical
figure to the 2D image is given (calibrated camera, see Li, Sawada, Latecki, Steinman, &
Pizlo, 2012). The shape of the 3D symmetry polygon is also known (a regular triangle), and
that its 2D projection is a triangle, except when it is presented in a degenerate view. It is
often impossible to determine, uniquely, the 3D orientation of a symmetry polygon from a
2D triangle of its projection (Fischler & Bolles, 1981; Gao, Hou, Thang, & Cheng, 2003;
Minkov & Sawada, 2018). There can be up to four possible 3D orientations of a symmetry
polygon for its 2D triangle and, when there are, its CoG is projected to different positions
within the 2D image, depending on the symmetry polygon’s orientation (see Figure 6). If the
planar figure has multiple symmetry polygons, their CoGs must coincide with one another
and a unique CoG can be determined. Then, the 3D orientation of the figure can be uniquely
determined.

If n=2, the symmetry polygon is a line-segment (symmetry line-segment) and its symmetry
point is at the midpoint of the line-segment. The perspective projection of the midpoint,
however, is not a midpoint of the perspective projection of the symmetry line-segment. If a
planar figure with 2-fold symmetry has multiple symmetry line-segments, these line-
segments intersect with one another at their midpoints. Otherwise, a vanishing point 13 of
the symmetry line-segment is required to derive a perspective projection /m; of its midpoint
M. Note that v;and m;are collinear with the projection of the line-segment and their
relationship can be written as (see supplemental material):

3 2r¢iry”. O

mi —
Toi Ty

where 7y, 1, and ryjare distances from v;to /77;and two endpoints of the projection of the
line-segment. If the planar figure has multiple symmetry line-segments, they intersect at
their common CoG. Then, their vanishing points can be computed from Equation (1) and the
3D orientation of the figure can be uniquely determined.

3.2. 3D rotational-symmetry

A 3D symmetrical object has a symmetry axis that is normal to the symmetry polygons of
the 3D object and passes their CoGs (Figure 7). When 71— oo, the symmetry polygon
becomes a circle and the whole symmetrical object becomes a surface-of-revolution (SoR).

3Consider a perspective projection of a line segment in a 3D scene to an image plane. The vanishing point of the segment can be
uniquely determined so that the vanishing point and the center of projection can be connected by a line that is parallel to the segment.
Any line parallel to the segment is projected to a pair of collinear half-lines that emanate from the vanishing point unless the line
passes the center of projection.
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Note that a single 3D object can have multiple symmetry axes. For example, a cube has three
axes for a 4-fold symmetry, four axes for a 3-fold symmetry, and six axes for a 2-fold
symmetry.

A 2D image of a 3D n-fold symmetrical object becomes 2D n-fold symmetrical only from
an accidental view-point. The image is 7-fold symmetrical when the symmetry axis is
normal to a plane of the image under an orthographic projection and when the symmetry
axis coincides with the principal axis under a perspective projection4. If it does not, n-fold
symmetry is not present in the image.

3.2.1. A 3D symmetrical object and its 2D image

3.2.1.1. Properties of a 2D image of a 3D symmetrical object: A 3D symmetrical object
has multiple symmetry polygons whose CoGs are collinear along its symmetry axis. This
collinearity is a model-based invariant under both orthographic and perspective projections.
Projections of the CoGs are also collinear with a projection of the symmetry axis in a 2D
image of the symmetrical object. It follows that the projection of the symmetry axis can be
derived if the projections of the CoGs of the multiple symmetry polygons can be detected in
the image (see 3.1.1.). Detecting the symmetry axis from the image allows the visual system
to see symmetry of the whole object rather than symmetry of its individual symmetry
polygons. The individual symmetry polygons are formed by local features of the object and
the whole object is composed of the local features so that their symmetry polygons share the
common symmetry axis. If there is no common symmetry axis among the symmetry
polygons, the whole object cannot be symmetrical but can have some symmetrical parts.

Consider a perspective projection of the 3D symmetrical object to an image plane. The
vanishing point of the symmetry axis in the image plane can be determined so that a line
connecting the vanishing point and the center of projection is parallel to the symmetry axis.
The symmetry polygons of the 3D object are planar and perpendicular to the symmetry axis.
It follows that if 7> 2, the symmetry polygons are parallel to one another and their horizons
coincide with a single line in the 2D image. A plane connecting the horizon and the center of
projection is parallel to the symmetry polygons (see 3.1.1.) and this plane is perpendicular to
the line connecting the vanishing point and the center of projection (Figure 8).

The vanishing point of the symmetry axis and the horizon of the symmetry polygons can be
determined from the 2D perspective image of the 3D symmetrical object. If 7> 3, each
symmetry polygon and its auxiliary lines always form two or more than two sets of parallel
line segments. The parallel line segments in each set are projected to line segments
converging at their vanishing point that is on the horizon of the symmetry polygon. Hence,
the horizon can be determined as a line passing the vanishing points of the sets of parallel
line segments. If 7= 3, a symmetry polygon is a regular triangle and its 3D orientation
cannot be always determined uniquely from the projection of the symmetry polygon. The
projection is consistent with up to four 3D orientations of the symmetry polygon. The

4with a reduced eye, whose center of projection is at a center of its spherical retina, the retinal image of a 3D n-fold symmetrical
object is 2D n-fold symmetrical if the symmetry axis passes through the center of projection.
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orientation can be uniquely determined if there is another symmetry polygon. Their
orientations are determined so that they are parallel to one another in a 3D scene.

If n=2, the symmetry polygons are line-segments (symmetry line-segments). Their
vanishing points appear on a horizon of a plane that is perpendicular to the symmetry axis.
The symmetry line-segments are perpendicular to a normal to a plane connecting the horizon
and the center of projection. A perspective projection of a symmetry line-segment alone is
not enough to determine the projection of its CoG. Determining this requires having a
vanishing point of the symmetry line-segment. Vanishing points of symmetry line-segments
of a single 3D symmetrical object can be derived if the number of the symmetry line-
segments is three, or more than three (see also 3.1.1.). In the 2D perspective image of the 3D
object, vanishing points of the symmetry line segments are collinear on a line (Figure 9).
This line is the horizon of a plane to which the symmetry line-segments are parallel and the
symmetry axis is normal. The plane is normal to a line connecting the vanishing point of the
symmetry axis and the center of projection. The vanishing point of the symmetry axis can be
found by using an optimization process. The space for this optimization process is two
dimensional, specifically the 2D position of the vanishing point of the symmetry axis in the
image. For a given position of the vanishing point, projections of the midpoints of the
symmetry line-segments can be derived. Note that the midpoints of the symmetry line-
segments are collinear on the symmetry axis and their projections are also collinear. Then,
validity of the given position can be evaluated based on the collinearity of the projections of
the midpoints. The projections of the midpoints are derived in the following steps. First, the
horizon of the symmetry line-segments is determined from the given position of the
vanishing point of the symmetry axis. Then, the vanishing points of the symmetry line-
segments are found at intersections of the horizon with lines of the projections of the
symmetry line-segments. From the vanishing points of the symmetry line-segments, the
projections of their midpoints can be derived (Equation 1).

3.2.2. Recovering a 3D rotational-symmetrical shape from a single 2D image
—The 3D shape of a 3D mirror-symmetrical object can be recovered from its single 2D
image uniquely under a perspective projection (Gordon, 1990; Rothwell, 1995; Hong, Yang,
Huang, & Ma, 2004; Yang, Huang, Rao, Hong, & Ma, 2005) and up to a one unknown
parameter under an orthographic projection (Vetter & Poggio, 1994). This geometrical
property has been used for modeling veridical perception of the 3D shape of the mirror-
symmetrical object (Pizlo, 2008; Pizlo et al., 2010, 2014).

The 3D shape of a 3D rotational-symmetrical object can also be recovered from its single
2D image by using two different methods. The first method is based on Multiple-view
geometry (Hartley & Zisserman, 2004). It uses a “virtual image” of the 3D symmetrical
object (Vetter & Poggio, 1994). Note that the shape of the object is invariant against a
rotation R,y;saround the symmetry axis of the object for 360//7 degree, where ris the
number of symmetry folds of the object, and 7is an arbitrary integer less than 1. With this in
place, the image of the object is unchanged if the viewpoint of the image is rotated around
the symmetry axis for 36041 degree (Rays ~1). This means that the single 2D image of the
n-fold 3D symmetrical object is equivalent to 77images of the same object seen from
different viewpoints around the symmetry axis of the object. Those additional images are
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called “virtual images” (\Vetter & Poggio, 1994) and the 3D shape of the object can be
recovered from the original and virtual images by using Multiple-view geometry (Vetter &
Poggio, 1994; Hong, Yang, Huang, & Ma, 2004; Yang, Huang, Rao, Hong, & Ma, 2005).

The second method uses the properties of the image of a 3D symmetrical object (see 3.1.1.
and 3.2.1.1.). Under an orthographic projection, we assume that projections of the symmetry
axis, symmetry polygons, and their CoGs are given. Under a perspective projection, the
vanishing point of the symmetry axis is also given. This recovery method can connect a
process for detecting 3D symmetry of the object based on its image properties (see 3.2.1.;
3.2.4, see also 3.2.3.) with the recovery process of its 3D shape. We will now show how the
3D shape of a symmetrical object can be recovered from its 2D image under both
orthographic and perspective projections.

3.2.2.1. 3D recovery under a 2D orthographic projection: Consider the recovery of the
3D shape of a symmetrical object from its 2D orthographic image. Projections of the
symmetry axis and the symmetry polygons of the object are assumed to be given in the
image (see 3.1.1. and 3.2.1.1.). Set the 2D and 3D Cartesian coordinate systems so that the
Xx- and X-axes coincide with the projection of the symmetry axis. When this is done, the
symmetry axis should be on the ZX-plane of the 3D coordinate system:

Xcos@ . —Zsinf . +d

axis axis axis

—0,Y=0 (2

where 6,5 is an angle between the symmetry axis and the Z~axis (a normal to /7)) and djy;s
is a constant. The constant dj s can be arbitrary and it determines the depth position of a 3D
shape recovered in the following process. The symmetry axis (2) is normal to a plane:

X d .
X axis
+ Zcosl,,.. — s, ~@n a =0 (3)

Xsind

axis

where X is an arbitrary real number and the plane (3) intersects with the symmetry axis (2)
at:

X d. 1"
X 0 ax + .‘g” (4)
tan axis SING ;i

Consider n= 2. The symmetry polygons are line-segments (symmetry line-segments) and
their CoGs (midpoints) project to midpoints of the projections of the symmetry line-
segments. The projections of the midpoints are collinear along the projection of the
symmetry axis. Then, projections of vertices of a symmetry line-segment /can be written as:

[x, xx,/2 xy]" )
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where double-sign corresponds and the midpoint of the projection of the symmetry line-
segment 7is [x,,; 0]". Note that the midpoint of every symmetry line-segment is on the
symmetry axis. From equation (2), the midpoint of the symmetry line-segment 7is:

T xmi daxis g
[XMi Yyi ZMi] =% O tanf __ * sin@ Q)
axis

axis

Since every symmetry line-segment is perpendicular to the symmetry axis, the symmetry
line segment 7is on the plane (3) when X = x,,;. Then, the two vertices of the symmetry
line-segment /can be recovered as:

T
X X . d . X,
di mi axis _ 7di

5 F Ttana s @)

+ . -
i tand sind s

-+
Xmi .
axis

where double-signs correspond to one another. Note that 8,,;s is a free parameter that
changes the aspect ratio of the recovered 3D shape. From equations (6) and (7), the height of
the recovered shape along the symmetry axis changes as a function of 1/tan&,,;sand the
width of the shape changes as a function of tan8 4 along a line that is perpendicular to the
symmetry axis and is on the XZ- plane.

If n> 2, an equation similar to equation (7) can be applied to the 2D projections of the
symmetry polygons for recovering the 3D rotational-symmetrical shape:

d . T
axis
— Xy jtanﬁ s (8)

X, .

81

Xyt X oy :
1 1 1

8 pij 7 pij tan@axis smHaxis

where [)(g,-O]T is the projection of the center of gravity of the symmetry polygon 7and [xy,
+Xpjj yp,]]T is the projection of the jth vertex of /. If n> 2, the CoGs of the symmetry
polygons are used instead of the midpoints of the symmetry line-segments. Note that 6, is
no longer a free parameter. Recall that all of the symmetry polygons of the 3D rotational
symmetrical shape are regular 7-sided polygons. There exists a unique 6, that makes a// of
the recovered symmetry polygons of the 3D shape regular for a given 2D image of a 3D
rotational-symmetrical shape.

3.2.2.2. 3D recovery under a 2D perspective projection: With a perspective projection,
it is not necessary to distinguish the 7=2 and 7> 2 conditions. Now consider the recovery
of the 3D shape of a symmetrical object from its 2D perspective image. Projections of the
symmetry axis and symmetry polygons of the object are assumed to be given in the image
(see 3.1.1. and 3.2.1.1.). Also assume that the vanishing point of the symmetry axis and the
projections of the CoGs of the symmetry polygons are given. Now, let the projection of the
symmetry axis be /s, and the vanishing point of the symmetry axis be v, Set the
orientation of the 2D xy Cartesian coordinate system so that Vs is on the x-axis, Vg s=
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[Xaxis 0] 7. Let the j-th vertex of the /th symmetry polygon be Pij= X Yi Z,]]T, a projection
of Pjibe pji= [yl = [FXiyZj fY,-/Z,-/]T, its CoG be G;, and a projection of G;be g;= [xy;
Yol 7. The symmetry axis is parallel to a line connecting the center of projection F=[000]7
and Vs = [Xaxis O 7. Note that G;is on the symmetry axis and g;is on /u;s Once this is
established, the projection of the CoG G;of the /th symmetry polygon can be written as g;=
[Xgi Vil T= vyis+ IglCosa axis sinazy;d 7, where I4iis the distance from v,y sto gjand aayjs
is an angle between /,,;sand the x-axis.

Now, consider making the symmetry axis normal to 77;and all of the symmetry polygons
frontoparallel by rotating the camera. This rotation is around the center of projection ~and
the image plane 77;and its 2D coordinate system are rotated together with the camera. Let
the camera’s rotation be R,. Note that the symmetry axis is parallel to a line connecting ~
and Vs and Vs is on the x-axis. It follows that the orientation of the symmetry axis
relative to the Z-axis is o, = atan(x,y;s/7). The symmetry axis becomes normal to 77, by
rotating the camera around the Y-axis for o, (Figure 10): R, = Ry(o,). The 2D image after
R, can be computed directly by transforming the 2D image before R, (Kanatani, 1988):

xcoso,— fsino,

x'=f

xsino, + fcoso,

©)

Y
V=r ==
xsino, + fcoso,

where [x )47 is a projection of a point in the 3D scene to /7, before R, and [x” y]7 is its
projection after R,. Equation (9) can also be represented as follows:

x'* 00 X
y#|=[0 F olRLs)|y| (0)
w001 f

where [xyf]T and [x"* y* w’*]T are the homogeneous coordinates of [x )17 and [x” y]”.

This equation, which represents a rotation of the camera by R, (= Ry(o)), is equivalent to
rotating the 3D scene by R:. After this transformation, the vanishing point of the symmetry

axis is located at the origin [0 0]7, and the projection g; of the center of gravity G;is
transformed to:

/

gi
Tl =
Yei

X CcCos o COS Gv

, rgl'f sin o, axis

8 =

. . —x . sina_, ..
i COS @i SIN "0, — X i xis

l (11

The projections of the centers of gravity of the symmetry polygons are still collinear after
the transformation along a half-line /7, that is the transformation of /. The half-line
1’ 1xis emanates from the origin and the angle of /74, which is measured relative to the
direction of the x-axis, is a s = tan~1(tanay;4cos ).
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The symmetry axis becomes perpendicular to the image plane /7; after the camera is rotated
This occurs because a line connecting the center of projection and the vanishing point ([0
0]7) in the image is perpendicular to /7, after the camera is rotated and it is parallel to the
symmetry axis. Based on this fact, the center of gravity G’;of the symmetry polygon 7 after
the rotation, can be recovered as:

T
sina’ fD“m

axis rl’_

D (12)

axis

’
[D axis €08 Xgxis

where D,y is a free parameter and "= . The symmetry polygons are parallel to the

5

image plane 77, after the rotation /2, and their Z-coordinates are equal to those of their
individual CoGs. At this point, the jth vertex of the /th symmetry polygon

, , , , T . . . . .
Pi= [X iiY'iiZ l.j] after the rotation can be recovered from its perspective projection

Pi= [X’l.j Y’l.j]T as:

=[xy vz =2 v A o

i

The free parameter D,y determines the size of the recovered 3D shape and the distance
between the principal axis (the Z-axis) and the symmetry axis. Recall that the camera’s

rotation R, is equivalent to the rigid rotation RvT of the 3D scene, so the vertex P;;before the
camera’s rotation R,, can be derived by applying the rotation R, = R,” " to P'iiPii=RP

It is worth pointing out that the perspective projections of the symmetry polygons to /7, after
the camera’s rotation R, are regular n- sided polygons because the symmetry polygons are
regular and they are frontoparallel after the rotation.

3.2.3. Any pair of 2D curves is consistent with a 3D rotational-symmetrical
interpretation—3D symmetry of an object has to be detected first from its 2D image to
recover a 3D shape of the object using its symmetry. However, the symmetry detection is, at
least, very difficult. Consider 3D mirror-symmetry. It is almost always possible to find a 3D
mirror-symmetrical interpretation of any arbitrary image. Specifically, for a given pair of
arbitrary curves in a 2D image, there is always a 3D mirror-symmetrical pair of curves that
projects to the given curves under quite general assumptions (Sawada, Li, & Pizlo, 2011,
2014; Hong, Ma, & Yu, 2004). We proved that this is also true for 2-fold, 3D rotational-
symmetry. Specifically, there exists a 2-fold, 3D rotational-symmetrical interpretation of a
pair of arbitrary curves in a 2D image as well under some general assumptions.

The gist of this proof is as follows: when a pair of curves in a 2D image is given, a set of
pairs of lines for establishing correspondence between these curves is the first thing that is
determined. The corresponding pairs of points are determined uniquely as the intersections
of these lines with the curves. Under an orthographic projection, it is always possible to find
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a one-parameter family of its 2-fold 3D symmetrical interpretation around a common
symmetry axis for any corresponding pair of 2D points. The family is controlled by the
angle between the symmetry axis and a normal to the image plane. Next, under a perspective
projection, it is always possible to find its unique 3D symmetrical interpretation around a
common symmetry axis for any corresponding pair of 2D points. We will consider a special
perspective projection before we generalize it to a general perspective projection.

3.2.3.1. A 3D symmetrical interpretation under a 2D orthographic projection

Theorem-Al.: Let pand y be curves in a 2D image. Assume that four lines /7, /,2 /1, and
I,,othat satisfy the following properties can be drawn in the image: (i) /ll/, A7y 41/, 2 (ii)
lp,1and /,7 do not intersect with ¢ but do share points with ¢ individually (by being tangent
to ¢ or passing the endpoints or non-differentiable points of ¢), (iii) /,,; and /,,2do not
intersect with y but do share points with y-individually, and (iv) a distance between /,; and
lp21s equal to that between /,,; and /> (see Figure 11). Then, there exists a one parameter
family of a pair of curves @and ¥ in 3D space such that @and ¥ are 2-fold rotationally-
symmetrical with a symmetry axis Agand that ¢ is an orthographic projection of @, and y is

an orthographic projection of 7.

Proof:°: In order to prove this theorem, we must show how the correspondence between ¢
and y is established, and how a corresponding pair of points on ¢ and y can be back-
projected in 3D space, such that these back-projected points are symmetrical with respect to
the same symmetry axis A Put simply, the line-segment connecting the back-projected
points is bisected by Asand is perpendicular to A

The 2D xy Cartesian coordinate system on the image plane 77; is set so that the x-axis is
parallel to the lines /,, /,2 /.7, and /,,2and it is coincident with their midline. The lines /,;,
lp2 11, and /y,pcan be written as = yy,1, V= Vip2 V= Viyz and y'= yp, 2 respectively.
Without loss of generality, assume that y,; > Vj,2and Vi1 < Yyy2 Then, ViprVip2=
YiyzYiy1, 0= ViprtYiy1 and 0 = yy,z+yyp,.2 The y~ coordinate of any point on ¢ is between
Yip1 and yj,2and that of any point on y-is between .1 (==¥,1) and Y2 (= =iy ).

Consider a point p;= [X,; Vi Ton g where Yig2 < Vi< Vipz- This point should correspond
with the point g; =[xy ¥yl Tthat is an intersection of y with a line y= ~VpiWhere yp, -2
~VpiZ Y11 When this is done, their midpoint /m;is on the x-axis: m;= [x,/2+x,,{2 (] T,
Note that under the orthographic projection, a 3D point [X ¥ 2] 7 projects to a point [X ¥Y]7
in the 2D image. It follows that P;= [Xp; Yo Zad | = [X¢/y¢/Z¢/]T, and Q;=[Xvyj Y
ZydT = [xyi Vi Zwl " project to p;and g; individually.

Recall that P;and Q;are 3D symmetrical with respect to A, if and only if, they satisfy the
following two requirements: i) the line segment connecting ~;and Q; intersects with Agat a
midpoint M, of the segment, and ii) is perpendicular to A A midpoint M, between P;and Q;
is an invariant of the orthographic projection and projects to the midpoint m; between p;and
gi. The Y-coordinate of M;is 0 because that of /;is also 0. Hence, Asis on the ZX-plane of
the 3D coordinate system and can be written as:

5A special case of Theorem-A1 that the 2D curves ¢ and w form a closed 2D curve was proved in Sugihara (2016).
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—Zsinf . +d

axis axis axis

X cos @ =0,Y=0 (14)

where 8,5 is an angle between the symmetry axis A;and the Z-axis and dj,;s is a constant.
The line segment connecting P;and Q; satisfies the requirements i) and ii) of 3D symmetry
if:

[ sing,,;; 0cos Haxis](Pi - Ql) =0 (19
P,+0Q,
. i i
[ cos eaxis 0 - sin gaxix] 2 =~ daxis (16)
From (15) and (16), we have:
X,.+x .cos20 . d . 1T
P,‘ _ x(/)i yd,i Pi -er axis ' agts (17)
SIN 20, i SO,
Q- _ oy xy/i + xqﬁi cos 2ga,\tis daxis r (18)
i i Pi sin 26 . sin@_

Note that 8, is a free parameter; it can be arbitrary, except for sin28,,;; = 0. So, the 3D
interpretations of the 2D curves g and y form a one-parameter family characterized by 6,;s
The constant ;s determines the depth positions of the 3D interpretations but does not
affect their shapes. Equations (17) and (18) imply that the one-parameter family of the 3D
symmetrical interpretations @and ¥ of the 2D curves g and y always exist.

QED

In the proof of Theorem-Al above, it was assumed that correspondences between the points
of the 2D curves g and y-are unique. The case with non-unique correspondences was not
considered. Even if the correspondences are not unique, the 3D symmetrical interpretations
@and ¥ of the 2D curves g and y always exist, and they are a pair of continuous curves
(Figure 12). Each corresponding pair of points on g and y under the orthographic projection
is always established by a pair of lines that are parallel to the x-axis, and equally distant
from the x-axis. Consider reflecting y- about the x-axis. Then, the lines /,; and /,,that are
parallel to the x-axis share points with both ¢ and the 180° rotation of y () but they do
not intersect with them (see condition (ii) of Theorem-Al). Then, the corresponding points
of pand w7 can be connected by a single line parallel to the x-axis (and /pZ and /p2, Figure
13). The correspondence is unigue only if the line intersects only once with g and 7
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individually (Figure 13A). This is equivalent to using a way to establish the correspondence
between a pair of 2D curves for their 3D mirror-symmetrical interpretations (Sawada, Li, &
Pizlo, 2011; see also Rothwell, 1995; Hong, Ma, & Yu, 2004 for a perspective projection).
Even if the correspondence between the 2D curves is not always unique, it has been formally
proved that the correspondence can be established so that the 3D mirror-symmetrical
interpretations are a pair of continuous curves (Theorem 3 in Sawada et al., 2011). The same
method can be applied here to establish the correspondence between ¢ and w7 under the
orthographic projection so that @and ¥ are a pair of continuous curves.

Assuming that the symmetry axis of a 3D interpretation is perpendicular to the image plane
under a perspective projection, the correspondence between a pair of 2D curves is
established by a pair of lines that are parallel to the x-axis as well as under the orthographic
projection. This special case in a perspective projection, will be discussed in the next
section, and the general perspective projection will be considered on the basis of the special
case in the following section.

3.2.3.2. A 3D symmetrical interpretation under a 2D special perspective
projection

Lemma-for-Theorem-A2.: Let pand y be curves in a 2D image. Assume that four lines /,7,
lp2 11, and [, pthat satisfy the following properties can be drawn in the image: (i) /,4(|/,4|
Iy dlly2 (i) £,7and £, do not intersect with g, but do share points with ¢ individually (by
being tangent to ¢ or passing the endpoints or non-differentiable points of ¢), (iii) /,; and
/.2 do not intersect with y, but do share points with y-individually, (iv) the midline between
f,1and /,,; coincide with the midline between /,2and /,,z and (v) the principal point is on
the midline (see Figure 14). Then, for a given center of projection ~there exists a pair of
curves @and ¥'in 3D space such that @and ¥ are 2-fold rotationally-symmetrical with
respect to a symmetry axis A;which is normal to the image plane, and that ¢ is a perspective
projection of @and y is a perspective projection of 7.

Proof: Set the x-axis of the 2D coordinate system of the image plane /7, to be parallel to /,5,
lp2 11, and /,,pand the X-axis of the 3D coordinate system to be parallel to the x-axis.
When this is done, the x-axis coincides with the midline between /,; and /,;, and between
lp2 and /,,»because of condition (v) in the Lemma-for-Theorem-A2. The lines /1, /y2 11,
and /,.»can be written as = ¥y,1, ¥ = Vip2 ¥ = Viy1 and y'= yp, 2 respectively. Note that
Yip1=Vip2= Yiy2=Yiy1, 0 = Viprt Yy, and 0 = Y+ ¥p,2. Then, the y~coordinate of any point
on ¢ is between yy,; and yj,z and the y~coordinate of any point on y is between );,; and

Yiy2.

Now consider a point p;= [)(g,,-yy,,]T on g where yj,2< ¥, < Vjpz. This point should
correspond with a point g; =[xy ¥y Tthat is an intersection of y with a line y= - YpiWhere
Y1y22 =V4i2 Yiy1- Then, the midpoint /77;0f pjand gjis on the x-axis: m;= [(X,+X,)/2 0] T
Under a perspective projection, a 3D point [X Y 2] projects to an image point [£X/.Z Y
27,50 Pi=[Xoj Yoi Zod T = [XpilZad TV piZad T Zod T and Q= [ Xy Yy Zwl T = [XyiZwi F
Vil vl F Zy]] T project to p;and g;, individually.
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Recall that P;and Q;are 3D symmetrical with respect to the symmetry axis A, if and only
if, they satisfy the following two requirements: (i) the line-segment connecting P;and Q;
intersects with Agat a midpoint M; of the segment, and (ii) it is perpendicular to A The
line-segment connecting P;and Q;is also perpendicular to the normal of the image plane /77,
because A, is parallel to the normal of 77, Under this condition, a midpoint M, between AP,
and @Q;projects to the midpoint m;between p;and g;. The Y-coordinate of M;is 0 because
the y~coordinate of /mjis also 0. So, Agcan be written as:

X=X ., Y=0 (19)

axis’

where X;s represents the X-coordinate of an intersection of Agwith the x-axis. Since M;is
on As

T
2f X axis

= 0 —
1 axis
X+ Xy

(20)

The Z-coordinate of M;is the same as those of P;and Q;because the line-segment
connecting P;and Q;is perpendicular to a normal of the image plane 77, From (20), we
have:

T
S zx(piXaxis 2y (piXaxis 2f Xaxis (2 1)
! x(pi+xw x(pi+xwi x¢i+xwi
T
0 = 2x¢iXaxis _2y(piXaxis 2fxaxis (22)
t xw. + xwi xw. + xwi xw. + xwi

Equations (21) and (22) imply that the 3D rotationally-symmetrical interpretation @and ¥
of the 2D curves g and y always exists. They diverge to infinity if x,+x,; = 0 and are not
tame (see 2. Definition). Note that X, changes the size of @and ¥ but does not affect
their shapes.

QED

Based on the Lemma-for-Theorem-A2, we will consider establishing symmetry
correspondence in a 2D image under a general perspective projection. Recall that the
correspondence between a pair of 2D curves was established for the lemma by a pair of
parallel lines whose midline passes the principal point. Under the general perspective
projection, correspondence is established by a pair of half-lines that emanate from a point in
an image.
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3.2.3.3. A 3D symmetrical interpretation under a 2D general perspective
projection

Theorem-A2.: Let a center of projection Fbe [0 00]7, a 2D image plane /I;be Z= f and ¢
and y be curves in /7. Assume that four half-lines /.4, /,2 1,1, and /,,2, which satisfy the
following three properties, can be drawn in the image: (i) endpoints of all of the half-lines
are at a point v;, that is, not on g and v, (ii) /,; and /,»do not intersect with ¢, but do share
points with ¢ individually (by being tangent to ¢ or passing the endpoints or non-
differentiable points of ¢), (iii) /,,;, and /,.»do not intersect with y~ but do share points with
w, individually (see Figure 15). Now let the 2D xy Cartesian coordinate system be set so
that the origin is at the principal point in the image and v is on the x-axis: v, = [x; 0]”. Let a
line /i;be x=—14x;and its intersection with /7, /y, 1,1, and [y, be Uy, Upz Uy g, and uy,2
respectively. Then, additionally assume (iv) X,/ x; < 1 where x,,,, is the x coordinate of any

point on g and y and (v) an angle bisector of 2U,FU,, coincides with that of 2U ,FU,

where U= [Ups A7, Uy = [ty A7, Upo=[Up2 AT, and Uyp= [, 7. With this done,
there exists a pair of curves @and ¥'in a 3D space such that @and ¥ are 2-fold
rotationally-symmetrical with respect to a symmetry axis Asand ¢ is a perspective
projection of @, and y is a perspective projection of ¥.

Proof: In order to prove this theorem, g and y are transformed to “p and x " y by simulating
a camera rotation R, (Kanatani, 1988) around the center of projection ~so that “pand *y
satisfy the conditions of the Lemma-for-Theorem-A2. Condition (iv) of Theorem-A2 should
be satisfied so that “and of “ y are a pair of tame curves (see 2. Definition). Conditions (iv)
and (v) of the Lemma-for- Theorem-A2 is satisfied for "¢ and of " y is satisfied if Condition
(v) of Theorem-A2 is satisfied. Based on the Lemma-for-Theorem-A2, the 3D symmetrical
interpretation " @and " ¥ of “pand of "y can be constructed. Then, the 3D symmetrical
interpretation @and ¥ of pand y is generated by rotating @ “and ™ ¥'by R,

Set the x-axis of the 2D coordinate system of the image plane 77,to pass the point v, and the
X-axis of the 3D coordinate system to be parallel to the x-axis (Figure 15). Then, any point
in 77, can be represented in a polar coordinate system and can be written as [x )17 = [x.
+rcosa rsina]’, where ris a length of a line-segment between [x )17 and v and a is an
angle of the segment relative to the direction of the x-axis. Any point on a half-line that
emanates from v, can be represented with a constant a. For example, a is tan™1(- Yue1! %)
for /7, tan"Y (=Y, x,) for 1,5 tan"Y(=y,,.1/x7) for /., and tan™1(=y,,, 4 x)) for /,,where
Y1, Yup2 Yuy1, and Yyy2are y-coordinates of u,z, Uz ty7, and vy, Then, a is between
tan~1(- Yup1/Xc) and tan~1(- Yup2/Xc) inclusive for any point on ¢ and between tan

“L(~Yuy 1% and tan—1(=y,,4xo) inclusive for that on .

A 3D rotationally-symmetrical interpretation @and ¥ of the 2D curves g and y will be
constructed so that the vanishing point v,y;s of their symmetry axis is on /,and v, is on the
horizon /1,5 of the symmetry axis. The common angle bisector of 2U FU,, and

2U U, intersects with the image plane /77, at the position of v ;s.

Consider rotating the camera with the image plane 77;around the center of projection Fto
transform ¢, v, /1, 1,2, 1,1, and /.20 that their transformations satisfy the conditions of
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the Lemma for-Theorem-A2.8 The image after the rotation can be computed from the image
before the rotation as long as the position of the center of projection Fis kept constant in the
scene (Kanatani, 1988). The rotation R, is done in two steps: the first rotation /<.y around
the Y-axis and the second rotation R xaround the X-axis (Figure 16). The first rotation R,y
is Ry(o,y) where oy = tan™(=f4,). Then, [x 17 = [xs+rcosa rsina] " before R,y is
transformed to (Kanatani, 1988):

XCos o,y — fsino,, x?+f2
x| fcoso.y+xsine,, B T Toosa 23)
'y B ¥ y B —x tana
fcoso,y+xsine,y, ¢coso,y

after Rey. Then, Uyg, Ups, Uyg, and uyp0n he (x= - FIxc) are transformed to up1=1[0
Yup1€030:y) 7, U2= [0 Yyyyocosoe Y17, 1= [0 Yiyy1080cy] 7, and U2 = [0 yyy£0s0c Y]
on the y~axis. Recall that the angle bisector of <U,FU,, coincides with that of 2U oFU,,
(condition (v) of Theorem-A2) before R,y. Let an intersection of the bisector with /7,be U
= [=FIxc Yo AT:2UpFU,; == 2UpFUyy 1, and 2UpgFUpz= ~2 UgFUy o After Ry, tg=
[-#Ix; y T is transformed to uy= [0 y,c0so,y]”. The second rotation Ry around the X-
axis is determined so that "upis transformed to ‘g = [0 0]7 after Ryx: Rox = RX(o.x) where
oex = tan~Y(=yycosagyl fi. Then, a point [x )47 = [x,+rcosa rsina] " before RpyRex (= R)7
is projected to (Kanatani, 1988):

N 2 2
s X xcos o,y +x + f
“y fcoso.y—"ysino y f2 ¥ COS & COS 0y
= : ) - 24)
“ . 5 (
y Ssinoey + VSinooy | yox tana = f7| x tana + y, cos 2o,

fcoso.y—"ysino,y cos oy

after RoyR.x.

Let “pand "y be transformations of g, yand /3, " /,z " 1,7, and "/, be transformations
of 1,1, lp2, 1,1, and /,,;after the camera rotation R, (= RcyRcx). All the five conditions of
Lemma-for-Theorem-A2 are satisfied by curves "¢, and ™ y-and lines “/,z, “ /2 /1, and
“1,.2. From equation (24), " yis dependent on a but is independent from . Then, “/,7, “/,2
“1,1,and / »are lines parallel to the x-axis (the condition (i) of the lemma) because /,,
lp2 11, and /. are represented individually by constant a. Next, from the conditions (ii)
and (iii) of Theorem-A2, /,;and /,2do not intersect with ¢, but do share points with ¢
individually and (iii) /,.; and /,,»do not intersect with ybut do share points with y
individually. These properties are invariant under the transformation that simulates the
camera rotation /.. Therefore, the conditions (ii) and (iii) of the Lemma are also satisfied.

7 A rotation matrix combining the first rotation Ry and the second rotation R is written as R¢yR¢x because the 3D coordinate
system rotates when the camera rotates.
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Now, consider a midline between ™/, and “/.,; and that between "/, and “/,.» These
midlines are parallel to the x-axis because “/,s, " /2 /7 and /" oare. The y-intercepts of
Moz Moz Vg and Ny pare Vi, = [0 Ran2 UpFU, 7T, " up= [0 ftans UpFU, AT, iy =
[0 fan£ UpFUy4]", and “u,,,= [0ftan£ UpFU,,A 7, which are transformations of u,z, t,,
Uy, and Uy pafter Revia Uyg, Uz Uyg, and uy,2Note that fan£ UpFU,; = - Ran£ UpFU, 4,
and lan£ UpFU,p= — fan£ UpFU,,obecause £ UpFU,; == £ UpFUy 1, and £UpFU, 2=

-4 UpFU,,» (see Supplemental Materials). With this done, the midline between “/M and

" jy1@nd that between “/,, and “/ > coincide with the x-axis. It follows that the conditions

(iv) and (v) of the Lemma are also satisfied.

All the conditions of the Lemma-for-Theorem-A2 are satisfied by curves "¢, and ™y with
lines “/501' “/‘,,2, “/,/,1, and “/wz. Therefore, from the Lemma-for-Theorem-A2, a 3D
rotationally symmetrical interpretation ~@and ™ ¥ of the 2D curves “gand "y always
exists. The camera rotation R,yR.x is equivalent to a rigid rotation of the 3D scene by
R:x"Rg," around Fso, the 3D interpretation “@and * ¥ project to g and y after being
rotated by Rex’R,," around £,

QED

3.2.4. Model-based invariant of 3D rotational-symmetry with planarity of
contours—In the previous section we showed that detecting a 2-fold 3D symmetry from a
2D image is an ill-posed problem. Almost any 2D image can be consistent with some 3D
symmetrical interpretation. The best (probably the only) way to transform this ill-posed
problem to a well-posed problem is by applying an additional constraint.

Now consider 3D mirror-symmetry. There are model-based invariants of 3D mirror
symmetry under both orthographic and perspective projections. Under the orthographic
projection, lines connecting pairs of corresponding points in the 2D image are parallel to one
another. Under the perspective projection, the lines connecting corresponding points
converge at a point in the 2D image. These are the only invariants of 3D mirror-symmetry,
but additional invariants can be introduced into the image if 3D mirror-symmetry is used
along with another constraint, namely with the planarity of contours (Sawada, Li, & Pizlo,
2014). Consider a 3D mirror-symmetrical pair of planar curves. Under the orthographic
projection, the relationship between images of the curves can be represented by a sub-group
of the 2D affine transformation. Under the perspective projection, the relationship can also
be represented by a transformation that includes the same sub-group of the 2D affine
transformation. This planarity constraint plays an important role for the human visual system
to detect 3D mirror-symmetry from the 2D image (Sawada, Li, & Pizlo, 2011, 2014).

In this section, we will apply the same approach to 3D rotational-symmetry, specifically we
will derive transformations among 2D images of a 3D symmetrical set of planar curves
under both orthographic (Figure 17) and perspective projections. These transformations are
model-based invariants of 3D symmetry taken together with the planarity of contours under
those projections.
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3.2.4.1. Model-based invariant under a 2D orthographic projection

Theorem-Bl.: Let @7, @5, ... Dy ... Dpybe an n-fold 3D symmetrical set of planar
curves and @1, Ponz: - Poniv --- Ponn be their orthographic projections in a 2D image plane
IT;where 7is a natural number between 1 and 7. Assume that an orthographic projection of
their symmetry axis is given. Let us set the 2D xy Cartesian coordinate system in /7;so that
the projection of the symmetry axis coincides with the x-axis. Then, the relation between
@onz1and ggnican be represented as follows:

Xoni Ny My My Xonl
Rzp(” - Cm) Yoni| =| 0 1 0 Rzp(Cm) Yon1 (25)
1 0O O 1 1

o sin (27(i — 1)/n)
Cni = A0 G = D) = 1) cos @

axis

where ponz = [Xonz Yonil T and poni= [Xoni Yond T are a pair of corresponding points on ¢,,;
and ¢gpj, M1, Mo, and rmy3 are free parameters, and 6,5 is an orientation of the symmetry
axis relative to a normal of 71,

Proof: Consider the n-fold 3D symmetrical set of planar curves @1, @pp, ... @pji ... Ppp
where i is a natural number between 1 and n. Without loss of any generality, we can assume
that its symmetry axis is on the XZ-plane (see 3.1.1. and 3.2.1.1.). A symmetrical pair of
points Py and Pp;on @, and @y can be written as:

X, + Dy X, co86, . +Z, sin6 . +Dycost, .
Pnl = Rz(gaxis) Y’ll = Yno (26)
an _an sin eaxis + an cos aaxis - DX cos Haxis
X, co80, .. —Y, sinw, +Dy
P.= Rz(gam) X, sinw,+Y, cosw, = 27
Zni
(an cosw,;— Y, sin wm.) cos@, . +Z,sin6 . +Dycosb .
X, sinw,+Y,  cosw,
—(an cosw,;— Y, sin wni) sinf ; +Z,,co80, . —Dysind, .

where Dy and 6,;sare constants and wp;is 2rt(/~1)/n. An orthographic projection of the
symmetry axis is on the x-axis and orthographic projections of P; and P, are:
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Xonl an cos Haxis + an Sin gaxis + DX cos euxis
Pon1 = = Y (28)
Yonl nl
Xoni (an CoOSw,; = Ynl sin 6Om') cos gaxis + an sin gaxis + DX cos 9axis
Poni = = X s % (29)
Yoni nl SN, + nl €08 Wy,

Then, a pair of points p,,z and p,,;in the image plane /7;is computed by rotating p,, for
Cniand popjfor =Cp;

poni = RZD(Z:ni)ponl = (30)

Xon1 €08 é‘m' = Yon1 SN é‘m'

(an cos Haxis +Z,, sin Ham + Dy cos Buxis) sinw,; + (cos ;= l)cos Haxis
.2 2 2
\/sm w,{cosw,; — 1)"cos 0, .
poni = RZD(” - Cni)poni = (31)
~Xoni€OS Cni ~ Yopi SIN gni
(an Cos eaxis + an sm eaxis + DX Cos aaxis) s wni + (COS wm’ - 1) Cos aaxis
) 2 2
\/sm w,(cosw,;— 1) cos "0, .
where:

1 S wm.

¢,;=tan” (32)

(cosw,; — 1)cos 0, ..

Recall that both @, and @,;are individually planar. Each planar curve in a 3D scene is a 2D
curve on a plane. Therefore, the orthographic projections ¢,,1 and ¢y, 0f gm and @, from
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the 3D scene to the 2D image plane 77; can be represented by 2D orthographic projections
from the planes of @,; and @,;to /I;and the 2D orthographic projection is a sub-set of the
2D affine transformation. Then, a relation between the orthographic projections ¢, and
@onican also be represented by a 2D affine transformation. The y~coordinates of p,, and
Poniare identical to one another in Equations (30) and (31). Therefore, the relation between
Ponzand ¢gp/is represented specifically by a subgroup of the 2D affine transformation:

myy My m

0 1 )RZD(Cni)ponl + (33)

R2D(ﬂ - qni)poni = (

Note that /1, /m», and rm3 represent 1D scaling, shear, and translation along the x-axis
between pym and pon;

QED

Note that ¢,;is 0 and is independent from 6,5 if /= n=2. The slant ;s of the symmetry
axis is a free parameter for recovering a 3D shape of a 2-fold symmetrical object from its 2D
orthographic image (see 3.2.2.1) and does not affect this relation between ¢,,1 and g, A
relation between ¢, and the 180° rotation of ¢,/ is represented by the 1D scaling, shear,
and translation along the x-axis 805 under this condition (see 3.2.3.1, Figure 13).

It is worth pointing out that the subgroup of the 2D affine transformation in Equation (33)
also appears in a transformation representing the relationship between perspective
projections of a 3D mirror-symmetrical pair of planar curves (Equation (1) in Sawada, Li, &
Pizlo, 2014). But, Equation (33) has two rotation matrices R p(&p) and Ry p(re—&p) that do
notexist in the transformation used for 3D mirror-symmetry. Hence, Equation (33) is more
complicated than the transformation for 3D mirror-symmetry.

3.2.4.2. Model-based invariant under a 2D special perspective projection

Lemma-for-Theorem-B2.: Let @, @pp, ... Dy, ... Dp,be an n-fold 3D symmetrical set of
planar curves and @, @oms -+ Ponir --- Ponn € their perspective projections in the 2D
image plane 77, where 7is a natural number between 1 and 7. Assume that their symmetry
axis is perpendicular to /7,and its perspective projection in 77 is given. Note that a vanishing
point of the symmetry axis appears at the principal point of the perspective projection in 7.
Let us set the 2D xy Cartesian coordinate system in 77, so that the origin is at the principal
point and the projection of the symmetry axis coincides with the x-axis. Then, a relation
between ¢, and ¢, can be represented as follows:

xpni myp myp nyy xpnl
Rz(é:m' - wm') Ypni| = 0 1 0 Rz(é:m') Ypn1 (34)
f 0 0 1 f
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sinw_ .
ni

£ .=tan ————
ni cosw .—1
ni

where [Xpnz Vpnil Tand [Xoni Vonil T are a pair of corresponding points on @pn1and gppand
myg, My and myzare free parameters.

Proof: Consider the n-fold 3D symmetrical set of planar curves @1, @pp, ... @pji ... Ppp
with a symmetry axis that is parallel to the Z-axis and intersects with the X-axis. A
symmetric pair of points P, and P,;on @, and @, can be written as:

T
Pni = [an +DX YnO ZnO] (35)

Pni = [Xni Yn Zni]T (36)

— : : T
= [an cosw,,; — Yn1 sinw,; — DX an sinw,; + Yn0 cosw, . an]

i

where [Dx 0 0] 7 is the X-intercept of the symmetry axis. Let Ppnts Ppnir Ppnt, and Pppibe
perspective projections of @1, @y Py, and Ppy;.

T
f(X,1 +Dy) fY,
VA Z

Ppn1 = (37)

nl nl

. . T
f(X, cosw, — Y, sinw . +Dy) f(X, sinw, +Y, cosw)

Ppni = (38)
pni an an
Next, consider rotating @, for &,;and @p;for £, wyi around the Z-axis where:
sinw, :
-1 ni
£y = tan (cos w,;— 1) (39)
Then, @1, @y, P, and Ppjare transformed to & . & . P . and Py
nl an + DX (an + DX) cos éni - Ynl sin éni
P=Y,|= R Ym |= (X, +Dy)siné +7Y, cos&;| (40)
nl nl an
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X, X, cosw, . —Y, sinw,+Dy
P.=Y,l= Rz(gm. — wm_) X, sinw,, +Y,  cosw, = (41
Z i an

(X, = Dy)cos&,, — Y, siné,
(an - DX) sin ém’ - Ynl Cos ‘fm'
zZ

nl

where tan(&,i~wp) = sinwp;/(1-coswp;). From Equations (40) and (41), the Y-and Z-
coordinates of Z,; and P, are identical to one another. The perspective projections Ppm and
Ppni Of Pp,,l and Pp,,,- can be computed also by rotating pp, for &piand ppp;for £pi—copi

5 )'cpnl R (5 ) fcosé,, X, =Y, tang, .+ Dy w2
= . = . p = —-—————
ol Ypni 2D pnt Zy  |Xytang,; + Y, + Dytang,,
B )'cpm- R (é ) feosé,; X, =Y, tané .+ Dy @)
P Ypni 2D e an antaném' + Ynl +D Xtanéni

The y~coordinates of py, and pp;are also identical with one another and the distance
between their x-coordinates depends on Z;. If @, and @,;are individually planar, Z;;
becomes a function of Xj;; and Y7;1. Then, both the x- and y~coordinates of ppm, and pop;
become functions of X1 and Y71. This introduces a systematic relation between
perspective projections ¢, and ¢,; of @  and @ .

Assume @ , and & . are individually planar. Then, the following equation is satisfied by

P [an Ynl an]T:

nl =
aVlanl + bnlynl + CnIan + dnl =0 (44)

where a1, by, ¢q1, and dj; are constants. From Equations (40), (41), and (44) (see

Supplemental Materials):

(45)

ni

xnl(zanlDX cos éni + dnl) + 2).)nlbnle cos 5ni + 2anlDX Ccos ZJ:ni = dnlx

Namely, x;;can be represented as a weighted sum of x;;1, Vn, and a constant. From
equations (42), (43), and (45), a relation between ppn, and pop,)can be written as:
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2¢,Dycosé, /d,,
0

‘ 2a, Dycos¢ /d  +1 2b, ,Dycosé, /d,
ppni = 0 1

P pnl +f (46)

Since pppzand popjare 2D rotations of ppy; and ppp; a relation between Py @0d @, is:

nyy myy

my3
47
0 1 0 47)

RZD(gni - wni)ppni = ( ]RZD(gni)Ppnl +f

where:

my, = 2an1DX cos éni/dnl +1
myp=2b, Dy cosc,/d,

my3 =2, Dycosé, /d,

Equation (46) shows that, after rotating ¢y, for £zand gpp;for &, wp); a relation between
these two curves in 77, can be represented by a subgroup of the 2D affine transformation.
This is a combination of scaling, shear, and translation along the x-axis. It is worth pointing
out that the same subgroup of the 2D affine transformation also appeared in Equations (25)
and (34), which represent the relationship among orthographic projections of a 3D
symmetrical set of planar curves.

QED

Note that ¢,;=0and &,~wp;=—m if /= n=2. Then, the subgroup of the 2D affine
transformation represents a relation between ¢, and the 180° rotation of gy (see 3.2.3.2).

3.2.4.3. Model-based invariant under a 2D general perspective projection

Theorem-B2.: Let @1, @pp,... Ppj,... Dy, be an n-fold 3D symmetrical set of planar curves
and @om, Pom; --- Ponir---Ponn € their perspective projections in a 2D image plane /7; where 7
is a natural number between 1 and n. Assume that a perspective projection of their symmetry
axis and a vanishing point v, of the axis in 77;are given. Let us set the 2D xy Cartesian
coordinate system on /77, so that the origin is at the principal point and v, is on the x-axis:
Vaxis = [Xaxis 0] . The projection of the symmetry axis can be written as Vs + 4 4117
where ¢is a free parameter. Then, a relation between g, and g, can be represented as
follows:

X, . m, my, m X
T pni 11 712 "*13 T pnl
Rl 0= 2R (0) | 26, - a8, )
X, smo,+ feose, | P~ 0 1 0w + feoso | P! (48)
ni v v J pnl v v

g 1 Lo o 1 f
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sin @
n

{ .=tan ——
ni cosw .— 1
ni

where ppm = [Xpm Vpml Tand Poni = Xpni Yonil T are a pair of corresponding points on Ppm
and ¢y fis a focal distance, o, = atan(Xayd f), o4 = atan(y/(xcos o,)), wp;=2n(F1)/n,
and /1, Mo, and m3 are free parameters.

Proof: In the prior sub-section, it was assumed that an axis of an /+fold 3D symmetrical set
of planar curves is parallel to the Z-axis. We now consider the more general condition in
which this assumption is not necessary. A camera of a perspective projection can be virtually
rotated with the image plane 77;and the 3D coordinate system around the center of
projection arranged such that the assumption of the prior sub-section is satisfied. Note that
the same procedure was used for the recovery of the 3D shape that was described in an
earlier section of this study (see 3.2.2.2.).

Now, consider an n-fold 3D symmetrical set of planar curves (@7, @0, ... @pjy -.. Dpp) and
their perspective projections in the image plane /7;. A projection /s of their symmetry axis
and a vanishing point v, of the axis are given (see 3.1.1. and 3.2.1.1.). Set the orientation
of the 2D xy Cartesian coordinate system so that Vs is on the x-axis; Vayis = [Xaxis 0] 7. The
symmetry axis is parallel to a line connecting the center of projection ~ (= [0 0 0]7) and
[Xaxis O 7. Any point on the projection of the symmetry axis can be written as vy s + X7
v 7 where tis a free parameter.

The image is transformed by emulating a camera rotation /, around the Y-axis so that the
vanishing point is transformed to the principal point in the image plane /7 R,= Ry(o)
where o, = atan(xgydA. Then, a point [x 47 in the original image is transformed to [x’ y’]”
after R, (see Supplemental Materials):

x/

, f R YT(GV)
y'| =

xsine, + fcoso,

(49)

A line connecting the center of projection Fand the vanishing point ([0 0]7) is parallel to the
symmetry axis and is perpendicular to 77, after /.. The projection of the symmetry axis after
R, can be written as follows:

)ClCOS O'V

1+1x g (50)

axis

S Gv yl

The projection of the symmetry axis becomes coincident with the x-axis after another
camera rotation R, (= RA o)) around the Z-axis for o= zan()//(X|COS 0)):
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| iR o R ()|

T
Ry (ol)|y'| = xsino, + fcoso, (51)

A transformation of the image caused by R is equivalent to a 2D image rotation: Rop’(o).
After the camera rotation R, R, (= Ry oy)RA o)), the curves @,;, @y, ... @pj ... Py
satisfy all the conditions of the Lemma-for-Theorem-B2. Hence, from Equation (34) of
Lemma-for-Theorem-B2, the relation between ¢,,; and g, can be represented as follows:

X . m m m X
T pni 11 12 "*13 T pnl
R =8 (0) | 2o =22, (00
X smo,+ feoso, [P T o 1 0o + feoso | P! (52)
pni v v pnl v v
f 0 0 J f

where [Xpm Vpml Tand [Xoni Vonil T are a pair of corresponding points on ¢pm and gpp;and
my, My, and rmy3 are free parameters.

QED

It is worth pointing out that the subgroup of the 2D affine transformation in Equation (52)
also appears in a transformation representing the relationship between perspective
projections of a 3D mirror-symmetrical pair of planar curves (Equation (20) in Sawada, Li,
& Pizlo, 2014). But, Equation (52) has two rotation matrices Rz(&,- o) and RAEpwpj
—o,) that do not exist in the transformation used for 3D mirror-symmetry. Hence, Equation
(52) is more complicated than the transformation for 3D mirror-symmetry.

4. General Discussion

The study has shown that 3D rotational-symmetry has the following properties: (i) a 3D
rotational-symmetrical shape can be recovered from one of its 2D images, (ii) any pair of 2D
curves is consistent with a 3D, 2-fold rotational-symmetrical interpretation, and (iii)
additional model-based invariants of 3D rotational-symmetry can be introduced under both
orthographic and perspective projections if the 3D rotational-symmetrical set of curves are
individually planar. Another important property of 3D rotational-symmetry is called a
“virtual image” (Vetter & Poggio, 1994), namely, the single 2D image of the n-fold 3D
symmetrical object is equivalent to 7 images of the same object seen from different
viewpoints.

These properties are also present in 3D mirror-symmetry. Note, however, that it is
computationally much harder to use 3D rotational-symmetry to recover a 3D shape than it is
to use 3D mirror-symmetry to perform this kind of recovery. For example, the symmetry
axis in 3D rotational-symmetry is specified by 4 parameters, 2 for orientation and 2 for
position, but the symmetry plane in 3D mirror-symmetry can be specified by only 3
parameters, 2 for orientation and 1 for position (see 3.2.1.1.).8 Note also that a 2D image of
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a 3D rotationally-symmetrical pair of planar curves satisfy Equations (25), (34), or (48),
depending on the type of projection. These equations represent the model-based invariants of
the 3D rotational-symmetry, and the planarity of the curves. The model-based invariants of
3D mirror-symmetry and the planarity of the curves are also represented by analogous
equations (Equations 1, 8, and 20 in Sawada, Li, & Pizlo, 2014) but, here again, the
equations for 3D mirror-symmetry are simpler than those for 3D rotational symmetry. Also
note that it is more difficult to find a corresponding pair of points in a 2D image of a 3D
rotationally-symmetrical shape than in a 2D image of a 3D mirror-symmetrical shape.
Consider two pairs of 2D curves in the image plane: one is an image of a 3D rotational-
symmetrical pair of curves and the other is an image of a 3D mirror-symmetrical pair of
curves. Each corresponding pair of points on the curves is established by finding
intersections of the 2D curves with a pa/r of lines for 3D rotational-symmetry (see 3.2.3.)
and with only a singl/e line for 3D mirror-symmetry (Sawada, Li, & Pizlo, 2011; Rothwell,
1995; Hong, Ma, & Yu, 2004).

These complexities, which are inherent in using 3D rotational-symmetry compared with 3D
mirror-symmetry, could actually be critical with respect to their utility within the human
visual system. With 3D mirror-symmetry, a pair of curves in a 3D scene is easier to detect
from its 2D image if the curves are individually planar (Sawada, Li, & Pizlo, 2011, 2014).
This is not the case with 3D rotational-symmetry. We made some subjective observations
that suggest that we can detect 3D rotational-symmetry only if the number of symmetry
folds is sufficiently large (Figure 18). It also seems worthwhile to point out here that the
boundary contour of a 2D image of a 3D rotationally symmetrical shape becomes closer to
2D mirror-symmetrical as the number of the folds increases. As the number of the folds
increases, two regular features emerge in a 3D rotationally-symmetrical shape. First, a
symmetry polygon of the 3D rotationally-symmetrical shape becomes closer to a circle,
which is the most regular shape (Pizlo, 2008). A 2D image of the circle in the 3D scene is
always an ellipse under both orthographic and perspective projections (Pizlo & Salach-
Golyska, 1994). It is possible that the visual system is sensitive to the circle in the 3D scene
(see Zanker & Quenzer, 1999) or the ellipse in the 2D image. The other emerging feature is
2D mirror-symmetry. A 3D rotationally-symmetrical shape becomes closer to a surface-of-
revolution as the number of the folds increases, and the boundary contour of a 2D image of a
surface-of-revolution is always 2D mirror-symmetrical under an orthographic projection
(Figure 19) as well as under a perspective projection at least with the spherical retina of the
"reduced" eye9 (Horaud & Brady, 1988). The visual system is very sensitive to 2D mirror-
symmetry in a retinal image (e.g. Barlow & Reeves, 1979; Jenkins, 1983; Cohen & Zaidi,
2013). All of these observations suggest that the human visual system is relatively
insensitive to 3D rotational-symmetry, at least when the number of the folds in the shape is
small.

8There is no difference between 2D rotational- and mirror-symmetry in this aspect. Both the symmetry point of 2D rotational-
symmetry and the symmetry axis of 2D mirror-symmetry can be specified by 2 parameters.

If the image is planar under a perspective projection, the boundary contour can be represented by a Kanatani transformation
(Kanatani, 1988) of a 2D mirror-symmetrical shape whose axis passes the principal point (Wong, Mendoga, & Cipolla, 2004).
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On the other hand, the virtual image of a 3D rotational-symmetrical object is
computationally easier to generate than the virtual image of a 3D mirror-symmetrical object
with a single symmetry plane. Virtual images of the same objects from different viewpoints
can be generated from images of these symmetrical objects (Vetter & Poggio, 1994). The
virtual image of a rotational-symmetrical object is identical to the original image, but the
virtual image of a mirror symmetrical object is identical to the “reflection” of the original
image. The virtual image of a mirror symmetrical object is computationally more complex
because of this reflection. Consider the human’s recognition of the 3D shape of an object.
Human performance in 3D shape recognition tasks is reliable with a 3D mirror-symmetrical
object that has a single symmetry plane, but not with a 3D asymmetrical object (Li & Pizlo,
2011; Chan, Stevenson, Li, & Pizlo, 2006; Liu, Knill, & Kersten, 1995; Liu & Kersten,
2003; Pizlo & Stevenson, 1999; van Lier & Wagemans, 1999; Vetter, Poggio, & Biilthoff,
1994). This superior performance with the mirror-symmetrical object could be explained by
a mechanism based only on the 2D template matching of memorized images of the object, or
on a 2D image interpolation between the memorized images (e.g. Bilthoff, Edelman, & Tarr,
1995). The virtual image of the mirror-symmetrical object could serve as an additional
memorized image for an image -based mechanism. If this applied here, human performance
when recognizing a rotational994 symmetrical object should be better than performance
when recognizing a mirror-symmetrical object. Note that the virtual image of the rotational-
symmetrical object is more easily generated than the virtual image of the mirror-symmetrical
object. We know of no psychophysical study that tested recognition with a 3D rotational-
symmetrical object, but based on our subjective observations, it is easy to see that it is
difficult to recognize 3D rotational-symmetrical objects from different views when they only
have a small number of symmetry folds (see Figure 18).

The human visual system can detect the 3D rotational-symmetry of an object reliably from
its 2D image only under limited conditions, for example, when there are many symmetry
folds (Figure 18), or when the object is close to being flat (Figure 1D), and when the object
is viewed from a degenerate viewpoint that makes its 2D retinal image rotational-
symmetrical (e.g. a right-bottom flower in Figure 1A). Another possible condition is when
the shape of the object (or parts composing the object, see Figure 17) satisfies some other
important constraints for recovering the veridical 3D shape of the object from a 2D image.
Under this condition, the human visual system can detect the 3D rotational-symmetry of the
object, but not from the image itself. It can detect it from the 3D shape perceived from the
2D image. For example, the 3D shape of an object is perceived reliably if the object is 3D
mirror-symmetrical (Li et al., 2009, 2011; Pizlo et al., 2010, 2014). This detection is rather
common. Some 3D rotational-symmetrical objects in real life are also 3D mirror-
symmetrical (see Figure 1DF for examples). Also, any 3D mirror-symmetrical object with
multiple symmetry planes is always 3D rotational-symmetrical (Stewart & Golubitsky, 1992;
van der Helm & Leeuwenberg, 1996, see Figure 20 for illustration of this relation between
rotational- and mirror symmetry using 2D figures). On the other hand, a 3D rotational-
symmetrical object with multiple folds is not necessarily 3D mirror-symmetrical (see Figure
1ABC for examples).

In this study, we studied the geometrical properties of 3D rotational-symmetry, specifically,
the 3D shape of a 3D rotational-symmetrical object and its 2D projection. Interestingly, 3D
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rotational-symmetry shares many geometrical properties with 3D mirror-symmetry, but
based on our subjective observations, these two types of symmetry seem to be perceived in
very different ways. We plan to study these perceptual differences in psychophysical
experiments in our future work.
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Refer to Web version on PubMed Central for supplementary material.
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Rotational-symmetrical objects in real life.
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Figure 2.
Random-dot patterns with (A, C) rotational- and (B, D) mirror-symmetry with two different

densities.
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Figure 3.
2D symmetrical figures with 2-, 3-, 4-, and 5-folds. Their symmetry points are indicated by

open circles and their symmetry polygons are drawn with dashed lines.
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Figure 4.
Orthographic projections of planar symmetrical figures in Figure 3 from viewing directions

slanted 60° from their symmetry axes. Projections of their symmetry points are indicated by
open circles. Note that the orthographic projections of the 2- and 4-fold symmetrical figures
are also 2-fold symmetrical.
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Figure 5.

(A?) Symmetry polygons with 2-, 3-, 4-, 5-folds and their (B) orthographic and (C)
perspective projections. The perspective projections of the symmetry points (open circles)
can be derived from the perspective projections of the symmetry polygons only if the
number of the folds is more than three. Auxiliary lines for finding the symmetry points are
rendered in dotted and dashed lines. The projections of the symmetry points cannot be
derived from the 2- or 3-fold symmetry polygons alone.
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Figure 6.
Perspective projections of a 3-fold symmetry polygon (equilateral triangle) with its

symmetry axis with four different orientations. The four images of the symmetry polygon
are identical to one another. The Principal points of the perspective projection are indicated
by ‘x’.
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Figure 7.
Orthographic projections of 3D symmetrical objects with 2-, 3-, 4-, and 5-folds. Their

symmetry axes are indicated by thick line segments and symmetry polygons are drawn in
gray.
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Figure 8.

A perspective projection of a 4-fold symmetrical object to the image plane /7, The
symmetry axis is parallel to a line connecting the vanishing point v, of the symmetry axis
and the center of projection ~. A plane including F and the horizon /s of the symmetry
axis is normal to the symmetry axis and to the segment Fv,,;s and are parallel to the
symmetry polygons.
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Figure 9.
A perspective projection of a 2-fold symmetrical object. The vanishing points vz, v, and vz

of the symmetry polygons are collinear on the horizon /s of the symmetry axis.
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(A) A perspective projection and another projection after rotating the camera (the principal
axis and the image plane /7)) for o, about the center of projection Fso that the symmetry
axis becomes normal to 77/. (C) The original perspective image (solid) and the image after
the rotation (dotted). The image after the rotation can be computed directly by transforming
the original 2D image. (B) The transformation of the image by rotating the camera is the
same as the image transformation by rotating the 3D scene about ~in the opposite direction.
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Figure 11.
(A) A pair of 2D curves ¢ and  satisfying conditions of Theorem-Al and (B, C) two views

of their 3D symmetrical interpretation. The symmetrical interpretation was constructed by
assuming that the slant of its symmetry axis is 45° under an orthographic projection. (B, C)
Two orthographic images of the interpretation with its symmetry axis normal to the image
plane (B) and with the symmetry axis parallel to the image plane (C). Note that the image in
(B) is 2D rotational symmetrical and that in (C) is 2D mirror-symmetrical. These are
properties 3D rotational-symmetry under the 2D orthographic projection. See Demo 1 in
supplemental material for an interactive illustration of the 3D symmetric curves (the demo is
also available at: http://tadamasasawada.com/demos/rotsym/).
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(A) A pair of 2D curves ¢ and y satisfying conditions of Theorem-Al and (B, C) two views
of their 3D symmetrical interpretation. Some point on one curve in (A) corresponds with
multiple points on the other curve and vice versa for the 3D rotational-symmetrical
interpretation. The symmetrical interpretation was constructed by assuming that the slant of
its symmetry axis is 30° under an orthographic projection. (B, C) Two orthographic images
of the interpretation with its symmetry axis normal to the image plane (B) and with the
symmetry axis parallel to the image plane (C). Note that the 3D curves of the interpretation
of (A) are much more complex than the 2D curves in (A). It is complex because multiple
segments of the 3D curves in (B, C) are projected to single segments of the 2D curves in
(A). See Demo 2 in the supplemental material for an interactive illustration of the 3D
symmetric curves (the demo is also available at: http://tadamasasawada.com/demos/
rotsym/).
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Figure 13.
Visual method of establishing the correspondence between a pair of 2D curves for its 3D

symmetrical interpretation. The pair of the 2D curves ¢ (black, solid) and  (grey solid) (A)
in Figure 11A and (B) in Figure 12A and the 180° rotation of v (w7, black dashed). The
curve w7 is translated along lp,1and /,for the clarity of the images. The correspondence
between g and ¥~ can be established between intersections (black open circles) of g and y
~Iwith a line (dotted) parallel to lo7and /,2. In (A), the parallel line that intersects with ¢
has a unique intersection with w2 and vice versa. In (B), the parallel line that intersects
with ¢ has one or a finite number of intersections with w~Z and vice versa. The
corresponding points on y are also indicated by grey open circles.

J Math Psychol. Author manuscript; available in PMC 2019 December 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Sawada and Zaidi

Page 48
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Figure 14.
(A) A pair of 2D curves ¢ and y satisfying conditions of Lemma-for-Theorem-A2 and (B,

C)two views of their 3D symmetrical interpretation. The symmetrical interpretation was
constructed under a perspective projection and its symmetry axis is normal to the image
plane. Note that the contours in (A) are identical with those in Figure 11A to allow a
comparison between the 3D symmetrical interpretations under the perspective (B, C) and the
orthographic (Figure 11B, C) projections. The Principal points of the perspective projection
are indicated by ‘x’. (B, C) Two orthographic images of the interpretation with its symmetry
axis normal to the image plane (B) and with the symmetry axis parallel to the image plane
(C). The orthographic projection is used in (B, C) to show the properties of 3D rotational-
symmetry under a 2D orthographic projection (Figure 11): the image in (B) is 2D rotational-
symmetrical and the image in (C) is 2D mirror-symmetrical. See Demos 3 and 4 in the
supplemental material for an interactive illustration of the 3D symmetric curves (the demos
are also available at: http://tadamasasawada.com/demos/rotsym/).
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Figure 15.

A pair of 2D curves g and y satisfying conditions of Theorem-A2. The symmetrical
interpretation was constructed under a perspective projection (see Demo 5 in the
supplemental material for an interactive illustration of the 3D symmetric curves, the demo is
also available at: http://tadamasasawada.com/demos/rotsym/). The Principal points of the
perspective projection are indicated by ‘x’. The symmetry axis of the 3D interpretation is
oriented so that its vanishing point appears at Vay;s The visual angles from Vs to u,7 and to
uy.2are equal to one another and those from Vs to v,z and to v, are also equal to one
another.
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A B

Figure 16.
The transformations of the image in Figure 15 after the camera has rotated (A) R,y and (B)

R.yR.x. (A) The transformed image after /R,y (solid-black) is superimposed to the original
image (dotted-grey). (B) The transformed image after /.y~ x (solid-black) is superimposed
to the transformed image after /.y (dotted-grey). The Principal points of the perspective
projection are indicated by “x’.
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Figure 17.
An orthographic projection of a rotational-symmetrical object composed of a pair of wedges.

Dotted and dashed contours are projections of a symmetrical pair of planar contours of the
object. The relationship between their orthographic projections can be represented as a sub-
group of the 2D affine transformation (Theorem-B1).
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Figure 18.
Objects composed of planar contours with 2-, 3-, 4-, 10-, and 20-fold symmetry. Three

orthographic views of the individual objects are shown in rows.
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Figure 19.
Orthographic views of a surface of revolution from three different viewpoints. The image of

the surface of revolution is always mirror-symmetrical under the orthographic projection.
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Figure 20.
Figures with 1-, 2-, 3-, 4-, and 5-axes of 2D mirror-symmetry. The mirror-symmetrical

figures are also 2D rotational-symmetrical if the number of the symmetry axes are more than
one.
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